In this article we demonstrate the injection locking of recently demonstrated spintronic feedback nano oscillator to microwave magnetic fields at integers (n=1, 2, 3) Nano-oscillators based on the phenomenon of spin-transfer torque (STT) [1] [2] [3] [4] [5] [6] [7] have been the subject of considerable research due to their potential applications in microwave communication devices as well as due to the rich physics involved in their operation. Recently our group demonstrated a spintronic feedback nano-oscillator (SFNO) [8, 9] based on the tunneling magnetoresistance (TMR) effect and works without STT. The working principle of SFNO is as follows: SFNO comprises a magnetic tunnel junction (MTJ) nano-pillar connected to a waveguide on top of it. Such a system, when powered by dc current can amplify rf signals: Rf current passing through the waveguide excites the magnetization of the free layer via oscillating Oersted magnetic field, and the dc current passing through MTJ converts the oscillations of magnetization into ac voltage via tunneling magneto-resistance (TMR) effect. Above a certain dc current level, the input signal is amplified. Thus the free layer of MTJ apart from being a resonator can also work as an amplifier. If we connect a feedback path from MTJ to the waveguide, the system works as an oscillator.
In this article we demonstrate the injection locking of recently demonstrated spintronic feedback nano oscillator to microwave magnetic fields at integers (n=1, 2, 3) as well fractional multiples (f=1/2, 3/2 and 5/2) of its auto oscillation frequency. Feedback oscillators have delay as a new "degree of freedom" which is absent for spin-transfer torque based oscillators, which gives rise to side peaks along with a main peak. We show that it is also possible to lock the oscillator on its side band peaks, which opens a new avenue to phase locked oscillators with large frequency differences. We observe that for low driving fields, sideband locking improves the quality factor of the main peak, whereas for higher driving fields the main peak is suppressed. Further, measurements at two field angles provide some insight into the role of symmetry of oscillation orbit in determining the fractional locking.
Nano-oscillators based on the phenomenon of spin-transfer torque (STT) [1] [2] [3] [4] [5] [6] [7] have been the subject of considerable research due to their potential applications in microwave communication devices as well as due to the rich physics involved in their operation. Recently our group demonstrated a spintronic feedback nano-oscillator (SFNO) [8, 9] based on the tunneling magnetoresistance (TMR) effect and works without STT. The working principle of SFNO is as follows: SFNO comprises a magnetic tunnel junction (MTJ) nano-pillar connected to a waveguide on top of it. Such a system, when powered by dc current can amplify rf signals: Rf current passing through the waveguide excites the magnetization of the free layer via oscillating Oersted magnetic field, and the dc current passing through MTJ converts the oscillations of magnetization into ac voltage via tunneling magneto-resistance (TMR) effect. Above a certain dc current level, the input signal is amplified. Thus the free layer of MTJ apart from being a resonator can also work as an amplifier. If we connect a feedback path from MTJ to the waveguide, the system works as an oscillator.
It was demonstrated that SFNO [9] can exhibit very large quality factors exceeding 10,000. However, to obtain large output power, it is necessary to connect many oscillators together. If many oscillators can be synchronized, i.e. they oscillate with the same frequency and phase [10] , we can get larger power output. We therefore studied the injection locking of a single SFNO to a microwave source, which acts as the second oscillator. Further such studies are also important to understand the complex non-linear dynamics of an auto-oscillator and its possible applications to neuromorphic computing [11] [12] [13] . Injection locking of spin-transfer nano-oscillator (STNO) [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] has been the subject of many experimental and theoretical investigations with the same 2 motivation. SFNO is not limited to the feedback from Oersted magnetic field, but can be even realized from spin current generated by using inverse Spin-Hall effect [24] [25] . Even interfacial Rashba coupling can be used as a feedback mechanism [24] . A large Rashba coupling has been demonstrated recently [26, 27] , which could be potentially used for making oscillators. In this case, the mathematical treatment of the oscillator is similar to the Oersted field feedback and experimental results obtained here would be applicable to such interfacial Rashba coupling driven oscillators. Further, it is possible to improve quality factor and output power of the oscillator by combining the magnetic field feedback and STT effects in the same MTJ [28] , which makes the exploration of the feedback effect even more attractive.
Here we demonstrate that SFNO can be locked to external microwave magnetic field at integer as well as fractional multiples of its auto-oscillation frequency. We carried out these studies for two directions of external dc magnetic field, which sheds some light on the relation between locking range and symmetry of oscillation with respect to the external driving magnetic field. As SFNO is a delay line oscillator, its power spectrum shows a main peak accompanied by side peaks. We found that the side peaks also show phase locking phenomenon. Thus oscillators with large difference in the auto-oscillation frequencies can be phase locked using side bands. The side band separation can be controlled by the delay, which gives us a new handle to lock the phase of oscillators.
We fabricated an MTJ stack on thermally grown SiO2 (500 nm) with the following structure: Ta . The elliptical nano pillars of size 300 x 500 nm 2 were fabricated using e-beam lithography and Ar ion milling from the multilayer stack. A co-planar waveguide (CPW) with about 1 µm width was fabricated on top of the MTJ nano-pillar and is electrically insulated from the MTJ by a 100 nm thick SiO2 layer. The CPW is oriented in such a way that the current passing through it creates a magnetic field along the x-direction. The experimental arrangement is shown in Fig. 1(a) . The fixed layer magnetization is along x-axis which is also the easy axis of the free layer. The external magnetic field is applied along the y-axis. A constant bias current was passed through the MTJ using a bias-tee network. The RF voltage, generated across the MTJ due to the oscillation of the magnetization direction of the free layer is divided into two parts: one part is measured by a spectrum analyzer, and the other part is fed into the CPW after passing it through an amplifier. As argued in ref. [ 9] , an amplifier is not required for a "perfect" device with larger TMR and narrower feedback line. The oscillating current passing through the CPW, creates an oscillating magnetic field. This oscillating magnetic field acts as the feedback signal and amplifies the oscillation of the free layer magnetization. Thus, the MTJ with feedback connection as shown in Fig. 1(a) functions as an oscillator. To study the locking of the oscillator to external rf magnetic field, rf current was injected from a source into the feedback path through a directional coupler as shown in Fig. 1(a) . All the experiments were carried out at room temperature. 
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FIG.1. (a) Schematic diagram for the injection locking of spintronic feedback nano oscillator. The MTJ consists of the free layer, the tunnel barrier and the pinned layer. On the top of MTJ a coplanar wave guide is situated which is electrically insulated from MTJ. MTJ is biased by passing a DC current through bias-tee and we get oscillating voltage due to oscillation in the magnetization of the free layer. Output signal is split into two parts using power splitter. One part is amplified and fed back to CPW. External rf signal is added to the feedback signal by using a directional coupler. The rf current passing through CPW creates a microwave field which changes
(b) shows the TMR of the device with magnetic field swept along easy axis (X-axis).
The main panel in Fig. 1(b) shows the power spectrum of the free running (i.e. without any locking signal) feedback oscillator obtained at magnetic field of 50 Oe along y-axis, bias current of -2.3 mA and amplifier gain of 27 dB. The same spectrum is shown in linear scale in the first inset of Fig. 1 (b) . This shows that the device works as a feedback oscillator with a high quality factor (Q=frequency / line width) of 8080. One can see that the main peak is accompanied by side bands in the main panel of Fig. 1(b) , which are not visible in linear scale plot. The frequency difference between the side bands is about 120 MHz, which corresponds to the round trip time delay of 8 ns. The second inset of Fig. 1(b) shows the power spectrum obtained at the same magnetic field of 50 Oe along y-axis and the same bias current (-2.3 mA) but without feedback. (The feedback line was disconnected during this measurement.) The MTJ device showed a high TMR ratio of 56% as shown in the third inset of Fig. 1(b) . The TMR was measured by sweeping the magnetic field along the easy axis (X-axis). One can see from Fig. 1(b) a large increase in the quality factor and amplitude of power spectrum when feedback is connected.
Next we present detailed results on synchronization measurements. An RF signal generator was connected to the feedback path via a directional coupler as shown in Fig. 1(a) . The RF current passing through CPW, creates an external rf magnetic field (he) on the free layer magnetization along x axis. The magnetic field produced by the current in CPW was calibrated by comparing the shift of the TMR loop with the passage of dc current through the CPW. Figure clearly shows the phase locking phenomena observed at integer (n=1,2,3) and fractional (f=1/2, 3/2, 5/2) multiples of the free running frequency, f0. Fig. 2(b) shows PSD obtained for three values of fe close to f0 (i.e. n=1 phase locking). The free running PSD is also shown in the same plot for comparison. The ratio fe/f0, peak amplitude and line width as a function of fe are shown in Fig. 2(c-e) . Within a certain range of external frequency, the oscillator locks to the external source and displays very small line width. The data shown in Fig. 2(a) was obtained with a bandwidth of 910 Hz. For some external frequencies, the width of the peak in the locked regime was checked by reducing the bandwidth to the minimum setting of 2 Hz, and was found to be below measurable limit. The locking range (defined as frequency range over which oscillator frequency matches with the external frequency) is shown as a function of he in Fig. 3(a) for integer as well as fractional multiples. We can see that the locking range is maximum for n=1 locking. It shows a linear dependence on he for lower values, and then appears to saturate for n=1,3/2 and 2 near he=5.5 Oe. However, the locking range is quite small compared to the case of a typical STT oscillator. According to the universal oscillator model [4] , the (n=1) locking bandwidth () of a non-linear auto-oscillator is given by:
FIG. 2. (a) 2D plot of power spectral density (PSD) as a function of external frequency (fe) applied at integer (n=1, 2, 3) and fractional (f=1/2, 3/2, 5/2) multiples of the auto-oscillation frequency
, where Fe denotes the amplitude of external force (proportional to magnetic field here) and p0 denotes the dimensionless power of the auto oscillator.  denotes dimensionless non-linear frequency shift given by
N is coefficient of non-linear frequency shift and G+-G-denotes dynamic damping coefficient. The value of N can be obtained from the measurement of PSD as a function of bias current and is typically few GHz in the case of STNO. In the case of SFNO, the power increases sharply with the bias current, whereas frequency depends very weakly on it. (see Fig. 2 , comes out to be 27.9 MHz (for he=10 Oe, γ=2.21X10 5 m/As) which is comparable to the experimental results. Further, the enhanced non-linear frequency shift of STNO gives rise to a larger line width of the free running oscillator. This is because a small amplitude fluctuation results in a large phase variation if N is large. This is consistent with the fact that the quality factor of SFNO is much larger (~10 4 ) than typical STNO (Q<10 3 ).
The above experimental results (Fig. 3(a) ) were obtained with external dc magnetic field of 50 Oe applied along y axis. The TMR loop shown in inset of Fig.1(b) shows that the HC of the free layer is 30 Oe and the fixed layer exerts a magnetic field of 35Oe on the free layer. Thus the free layer makes an angle of 40 o with x axis in equilibrium when Hy=50 Oe is applied (See supplementary information [29] 
S1
). This is shown schematically in the inset of Fig. 3(a) : S denotes the axis of precession, and ĥe shows the direction along which external locking magnetic field is applied. Next we applied magnetic field of 50 Oe at ~135 o angle in an attempt to magnetize the free layer along the y axis. (The free layer is likely to have non-uniform equilibrium state [30] , which is ignored here.) The inset of Fig. 3(b) shows that the precession axis (S) is along y direction i.e. perpendicular to ĥe. The locking range in this configuration is shown in Fig. 3(b) . The f=3/2 and 5/2 locking were not observed in this configuration. The presence of fractional locking in data shown in Fig. 3(a) and its absence in Fig. 3(b) can be related to the symmetry of oscillation orbit with respect to the direction of external rf magnetic field (he) [14] . In the case of Fig. 3(b) , the oscillation axis (S) and ĥe are perpendicular, which enhances the locking band width of odd integer multiples and suppresses fractional locking. With periodic driving signal, the phase of the oscillator satisfies the equation [14] :
, where µ is the amplitude of driving force and periodic function g is determined by the oscillation trajectory and driving signal. In the later case ( Fig. 3(b) ), the driving force is anti-symmetric and even Fourier components of g are zero, which enhances the locking range of n=odd multiples. In the former case driving force contains both symmetric and anti-symmetric components which increases the locking bandwidth of fractional locking.
Next we explored the effect of phase locking of the main peak on the side band peaks and whether the side band peaks show phase locking phenomenon.
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FIG. 4. (a-c) 2D plots show locking of side band peaks and main peaks and its effect on main peak and side band peaks when locked as a function of fe at he=5.5Oe. 50 Oe magnetic field along yaxis is applied. (d-f) PSD for left side band peak, main peak and right side band peak and effect on main peak and other side band for two different values of he=2.25 Oe and 5.5 Oe. (g) Locking range of left side band and right side band as a function of he. (h) improvement in the quality factor of the main peak when side bands are locked at lower driving field (he=2.25Oe).
The experimental results obtained at he=5.5Oe are plotted as 2D color plot data in panels a-c of Fig. 4 . The panel (a) in Fig. 4 shows that when the side band peak to the left of main peak is injection locked, the main and right side band peaks are suppressed. The panel (b) in Fig. 4 shows that when the main peak is injection locked, the side band peaks are suppressed. Similar behavior was seen for injection locking of the right side band peak (panel (c) in Fig. 4) . Panels (d-f) in Fig.   8 4 show the PSD for two values of he (2.25 Oe and 5.5 Oe), when left side peak, main peak and the right side peak are injection locked respectively. The blue curve (he=5.5 Oe) shows the above mentioned behavior i.e. whenever one of the peaks is injection locked, the other two peaks are suppressed. Surprisingly, the behavior is quite different for low values of he. The green curve in panels d-f show PSD for he=2. 25 Oe, where the above mentioned suppression of other peaks is not seen. Panel (g) in Fig. 4 show locking range of left side band and right side band as a function of he. The locking range is comparable to locking range in Fig. 3 (a) and also appears to saturate at higher rf magnetic fields. Panel (h) in Fig. 4 shows the PSD of main peak when the left and right hand side peaks are locked for low value of he=2.25Oe. The effect of left and right side band locking on PSD of main peak at higher field value are shown in supplementary information [29] Fig. S2 . Here we can see that the main peak amplitude increases and line width decreases when side band peaks are locked. However, as discussed above if we increase the locking field for side band locking beyond a certain value, the main peak crashes down.
The above results show that it is possible to phase lock the SFNO even on its side band peaks. Thus two SFNOs can be mutually phase locked using side bands if the frequencies of the main peaks are quite different. The frequency difference between the main peak and side band peaks can be changed by changing the feedback delay (demonstrated in ref. 9 ). This provides a new way to get the side band peaks of two oscillators within locking band width. As we can see from Fig. 4  (d) , when the left side band peak is injection locked, that peak now becomes the 'main' peak and other peaks look like side bands. Similarly, we can see for Fig. 4 (f) , that the right side peak becomes the 'main' peak when injection locked.
The experimental results are in qualitative agreement with the macro-spin simulations of the phase locking of SFNO [15] . LLG equation was modified to include feedback magnetic field term [8] .
Where m denotes unit vector along magnetization, γ is the gyromagnetic ratio, Heff is the effective magnetic field comprising the external field and the anisotropy field, hr is the random magnetic field arising because of the thermal fluctuations, α is the Gilbert damping constant. hfb denotes the feedback magnetic field and he denotes the external rf magnetic field. The random magnetic field satisfies the statistical properties [8] :
Where kB, T, µ0, MS and V denote the Boltzmann constant, temperature, magnetic permeability, saturation magnetization, and volume respectively. D is the strength of the thermal fluctuations.
The feedback field is given by [8] 
, where Idc is the dc current, w denotes the width of the feedback line, R0 denotes the average resistance of MTJ, RT denotes the termination resistance (50 Ω). t denotes the feedback delay and R(t-t) is the width of the feedback strip was taken as 1µm and amplification of 20 dB was assumed.
FIG. 5. Simulation results: 2D plot of PSD as a function of external frequency (fe) around free running frequency (fo), left side band frequency and right side band frequency with effect of locking on other peaks at he=2 Oe.
The simulation results for injection locking are shown in Fig. 5 as a 2D plot for he=2 Oe. This Figure shows that it is possible to injection lock the main peak, left and right side band peak. As observed in the experiments, simulations also show that when a peak is injection locked the other two peaks are suppressed. The simulation results for lower value of he=0.6 Oe are shown in Fig. 6 (a) as a 2D plot. Fig. 6 (b-d) show the cuts of the 2D data shown in Fig. 5 and Fig. 6 (a) for fe=1.923 GHz (left side band peak locking), 2.036 GHz (center peak locking), 2.148 GHz (right side band peak locking). The free running spectrum i.e. without injection locking is also shown in Fig. 6 (bd) for comparison.
From these Figures 6 (b-d) one can see that for higher value of he (2 Oe), if the center or right side band peak is injection locked, the other two peaks are suppressed, If the left side band peak in injection locked, the center peak suppressed but the right side band peak is almost same as free 10 running case. Experimentally what we see is that for higher he, if any of the three peaks is injection locked, the other two peaks are suppressed.
From Fig. 6 (b-d) one can see that for lower value of he (0.6 Oe), if the center or left side band peak is injection locked, the other two peaks are almost the same as free running case., If the right side band peak in injection locked, the other two peaks are somewhat suppressed. Experimentally what we see is that for lower he if any of the three peaks is injection locked, the other two peaks are not suppressed.
Thus though many aspects of the experimental results are supported by the simulations, there is some discrepancy for injection locking of left side band peak for lower he and right side band peak for higher he. Such a mismatch could arise from the non-uniform precessional modes, which are neglected in the macro-spin simulations. In conclusion, we have demonstrated the integer and fractional injection locking of feedback oscillator to microwave magnetic field. We explored the relation of locking range to the symmetry of oscillation orbit with respect to the direction of driving force. This was done by measuring the locking range for two different directions of the dc magnetic field. We demonstrated that feedback oscillators can be injection locked on the side band peaks. The macro-magnetic simulations are in qualitative agreement with this finding. The frequency difference between the main peak and side band peaks can be controlled by changing the feedback delay. This implies that side band locking scheme would be useful for phase locking oscillators with large frequency differences.
We have shown the PSD of main peak (central peak) when left side band peak and right side band peak are locked at lower driving field (he=2.25Oe) and higher driving field (he=5.5Oe) value in Fig. 4 of the main paper. Fig. S2 (a-b) shows effect on PSD of main peak when side band peaks are locked at lower driving field (2.25 Oe) in linear scale and log10 scale respectively (Fig S2b is the same as Fig. 4h) . Fig. S2 (c-d) shows effect on PSD of main peak when side band peaks are locked at higher driving field (5.5 Oe) in linear scale and log10 scale respectively. From these figures we can see that the quality factor and amplitude is enhanced for locking of left side band and right side band peak at lower driving field value whereas at higher driving field value main peak is suppressed.
FIG. S2
. Effect on PSD of main peak (central peak) when left side band peak and right side band peak are injection locked. Fig. S2 (a) and (b) show PSD of main peak at lower driving field (he=2.25Oe) in linear and log10 scales respectively. Fig. S2 (c) and (d) show PSD of main peak at higher driving field (he=5.5Oe) in linear and log10 scales respectively. The main peak is enhance at lower driving field and suppressed at higher driving field.
